Basic Definition
Let I be an ideal of R. A set Q of primary ideals is called a general primary decomposition of I if I = ∩ Q∈Q Q. A general primary decomposition Q is called a primary decomposition of I if the decomposition I = ∩ Q∈Q Q is a shortest irredundant decomposition.
Let I be an ideal of R and T a multiplicative closed set in R. We denote the set {a ∈ R | ab ∈ Ifor some b ∈ T {0}} by IR T ∩ R, and call it the localization of I w.r.t T .
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An ideal I of R is called a pseudo-primary ideal if √ I has a unique prime component, that is, √ I is a prime ideal.
Let I be an ideal of R which is not a pseudo-primary ideal, P 1 , . . . , P r all isolated prime divisors of I, and Q a primary decomposition of I. Suppose that there finite subsets S 1 , . . . , S r in R which satisfy the following conditions:
S i ∩ P i = ∅ and S i ∩ P j = ∅ for i = j each S i is called a separator of I w.r.t P i .
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Pseudo-Primary Decomposition
Theorem(SY) For each i, let Q i = IR S i ∩ R, s i = s∈S i s i and k i an integer such that I : s
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Extraction
Let I be an ideal in R, Then a subset u ⊂ x{x 1 , . . . , x n } is called an independent set (w.r.
Let I be a pseudo-primary ideal with radical P and let Q be its unique isolated primary component. Suppose that a subset u of x = {x 1 , . . . , x n } is maximally independent set module P . Then
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Basic Definition
Let I, Q be ideals in R satisfying I ⊂ Q. An ideal J is called a separating ideal for (I, Q) Algorithm for primary submodule decomposition without producing intermediate redundant components talk at the Algebraic Geometry and its applications -p. 11
holds. If a separating submodule for (N, Q) satisfies
it is called a saturated separating submodule for (N, Q).
. . , Q r be the set of all isolated primary components of K and set
In particular any minimal associated prime of K ′ properly contains a minimal associated prime of K.
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Basic Results

Lemma Let
is an irredundant primary decomposition with associated primes
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. . , P s } be the set of minimal associated prime ideals of N F p [x] and P 1 , . . . , P s be the canonical liftings to Z [x] . Then minAss(N ) = {P 1 , . . . , P s } is the set of minimal associated primes of N .
. . ∩ Q s be an irredundant primary decomposition with associated primes P 1 , . . . , P s and Q 1 , . . . , Q s resp. P 1 , . . . , P s be the canonical liftings to 
Let N be a submodule of Z[x] s and let minAss(N ) = {P 1 , P 2 , . . . , P r }, each finite set S i which satisfies the condition:
is called a separator of N with respect to P i and the set {S 1 , S 2 , . . . , S r } is called a system of separators for N . . Let minAss(N ) = {P 1 , P 2 , . . . , P r } and {S 1 , S 2 , . . . , S r } be a system of separators for N . For each
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Extraction Lemma
Let N = Q ∩ J be pseudo-primary submodule of Z [x] s with Ann(Z[x] s /Q) = P and Q be P -primary with ht(Q) < ht(J). Let P ∩ Z = p for some prime p and u ⊂ x be a maximal independent set of variables for 
Let N = Q ∩ J be pseudo-primary submodule of Z [x] s with Ann(Z[x] s /Q) = P and Q be P -primary with ht(Q) < ht(J). Let P ∩ Z = p for some prime p and u ⊂ x be a maximal independent set of variables for
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Let G be a strong Gröbner basis of N w.r.t. a block ordering satisfying x u ≫ u. Then G is a strong Gröbner basis of N A[x u] w.r.t. the induced ordering for the variables x u.
Let N = Q ∩ J be pseudo-primary submodule of Z [x] s with Ann(Z[x] s /Q) = P and Q be P -primary with ht(Q) < ht(J). Let P ∩ Z = p for some prime p and u ⊂ x be a maximal independent set of variables for P = P F p [x] . Let A := Z[u] p , then the following holds:
u ⊂ x is called a maximal independent set of variable for
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tput Polynomial s such that s ∈ P , s ∈ Q for all Q ∈ B\{P }.
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s a submodule, B the list of minimal associated primes of N , P ∈ B with P ∩ Z = p for some prime p, u ⊂ x an independent set of variables for P F p [x] .
tput The primary component Q of N associated to P . 
compute h = lcm(a 1 , . . . , a k ), the least common multiple of a 1 , . . . , a k ;
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